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The problem of continuing symmetric periodic solutions of an autonomous or periodic reversible system with respect to a parameter
is solved. Non-structurally stable cases, when the generating system does not guarantee that the solution can be continued, are
considered. Three approaches are proposed to solving the problem: (a) particular consideration of terms that depend on the
small parameter and the sclection of generating solutions; (b) the selection of a generating system depending on the small
parameter; (c) reduction to a quasi-linear system which is then analysed using the first approach. Within the framework of the
third approach the existence of a periodic motion is also established that differs from the generating one by a quantity whose
order is a fractional power of the small parameter. The theoretical results are used to prove the existence of two families of
periodic three-dimensional orbits in the N-planet problem. The orbit of each planet is nearly elliptical and situated in the
neighbourhood of its fixed plane; the angle between the planes is arbitrary. The average motions of the planets in these orbits
relate to one another as natural numbers (the resonance property), and at instants of time that are multiples of the half-period
the planets are either aligned in a straight line—the line of nodes (the first family), or cross the same fixed plane (the second
family). The phenomenon of a parade of planets is observed. The planets’ directions of motion in their orbits are independent.
© 1998 Elsevier Science Ltd. All rights reserved.

1. PERIODIC MOTIONS OF A REVERSIBLE SYSTEM

We consider an autonomous or 2n-periodic reversible system
u =Uy(u,v,0)+uU (1, u,v,t) (1.1)

v =Vp(u,v,n)+uVi(iu, v, t); ueR, veR" (I=n)

with fixed set M = {u, v: v = 0} [11] and small parameter p. Let us assume that the generating system,
obtained from (1.1) by putting p = 0, has a 2T*-periodic solution (7* = = for a 2r-periodic system)
symmetric relative to M

u=@(), v=y() @(-1)=¢(), Y(=1)==() (1.2)

We seek the conditions under which, for sufficiently small p# 0, system (1.1) will also have a solution,
symmetric relative to M, that is identical with (1.2) at p = 0. In that case we shall refer to (1.2) as a
generating solution.

Let w(p, u3, . . ., u}, ©), v(1, ui, . . ., uf) denote a symmetric solution of system (1.1) with initial
data uf, . . ., uj, v° = 0. Then a necessary and sufficient condition for this solution to be 2T-periodic
is [1]

vy, u, T)=0 (s=1,...,n) 1.3)

Hence it follows that in the general case the symmetric periodic motions of a reversible system (1.1)
form an (m + 1)-family, whete m = [ — n. The parameters of this family are at least / - n of the initial
data uj, . .., ujand W; in the case of an autonomous system the parameter T must also be added. In

the generating system we have p = 0 and the dimensionality of the family of periodic motions to which
solution (1.2) belongs is m. Let us assume that h,, . . ., h,, are the parameters of the family and that
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solution (1.2) corresponds to parameter values 4}, . . . , ). In an autonomous system the half-
period T either depends on the parameters hy, . . ., b, and T(hY, . . ., hy) = T*, or T is added to h;
(j =1,...,m) as a parameter.

Express Eq. (1.3) as

!
v, 0,0, T")+ 3 (F +F)Au +(G; +G)AT+(Q} +Q)u=0 (s=1...,n) (14)
J=1

. | ov « (Ov . [odv
L= — y G = 3 , e = —3
EY [au; J# ' [ aT )"‘ Q ( a’.l J:

(the asterisk indicates that the relevant quantities are evaluated at u = 0, u} = u} = ¢;(0)), where the
functions Fj, G, Q; vanishat u = 0,AT=T-T* =0,Av" = u’—-u* = 0.
Obviously, v,(0, u*, T*) =0 (s = 1, ..., n). In addition, in a periodic system one has to put AT = 0.
Put

Ra = rank{|F; ||, Ra, =rank||F;,G; | (1.5)

If Ra = n, system (1.4) is solvable for n of the quantities Auj, . . . , Auj. This means that the generating
system, together with solution (1.2), has an (I — n)-family of 2T*-periodic symmetric solutions, each of
which is a generating solution [2]. In an autonomous system, the condition Ra = n guarantees the
existence, for sufficiently small p, of an (! — n)-family of 27-periodic systems of (1.1) [3]. In that case
T is independent of p and u® and lies in some interval containing 7*. If Ra = n — 1, Ra, = n, the period
of the symmetric periodic solutions of system (1.1) depends on p (in the general case, on u° as well),
and if L # 0 one cannot guarantee the existence of 27*-periodic solutions.

The following conclusion is important. In each of the situations considered: (a) Ra = n, (b) Ra =
n — 1, Ra; = n and the system is autonomous, contains a non-isolated case (in Poincaré’s sense), but
nevertheless the property of a reversible generating system to have a symmetric periodic motion is
structurally stable if the perturbations are also reversible.

Now let Ra = k < n. In that case, to fix our ideas, we solve the first kK equations of (1.3) forus, . .., u}
and substitute the result into the remaining equations, obtaining

U0y poenntt] DA W W s t, T) =0 (s=n—k+1,.0m) (1.6)
In the case of a 2xn-periodic system (1.1) we have T = =, and when p = 0 system (1.3) has a

family of solutions which depend on m arbitrary parameters. The same is true of system (1.6),
and so

UV, 0,upp,....4))=0 (s=n—-k+1,..,n)

Therefore, if (1.2) is a generating solution of the generating system, its parameters A%, . . . , A% must
satisfy the equalities

Pk e B3 = £y Oty (B v Bt (B B, ) =0 (VEn—k+1,...,1) 17)

Subject to the condition

PRy |

on;

Ra® = rank -k (1.8)

system (1.6), considered for sufficiently small p, has a solution h; = hy(p), h;(0) = hiG=1,...,m)
Thus Eqs (1.7) determine the parameter values 4%, . . . , i}, of a generating solution if the latter satisfy
condition (1.8).

In an autonomous system, we distinguish two non-structurally stable cases: (1) Ra = Ra; = k < n,
(2) Ra =k, Ra; = k + 1 < n, the first of which necessarily occurs when the half-period T of the family
dependson bk, ..., A,

In the first case, we solve system (1.3) for u3, . . ., uf. The resulting equalities
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Pi(hy e by = £ Oty (By s B )y tiy (B o B LT )=0 (V=n—k+1,...,n) (1.9

must hold for the parameters k%, . . . , h}, of a generating solution. If at the same time one of the
conditions

OP,(h},.... k., T")

on;

Ra® = rank =n-k (1.10)

OP (b, By, T°) OB (H],.... 15, T")

oK, T

Ra*=n-k~-1, Ra; =rank

|f=n—k (1.11)

also holds, then (1.2) is a generating solution. If T is independent of Ay, . . . , h, for the family under
consideration, and (1.10) is satisfied, then the generating system, together with solution (1.2), has a
family of T generating solutions including (1.2).

In the second case we solve Egs (1.3) for u$, . . ., uf. As a result we obtain n — k — 1 equations of the
form (1.8) to determine the parameters of a generating solution for which the rank of the Jacobian
must equal n — k — 1. This last condition is equivalent to the requirement that Ra} = n — k in (1.11).

2. CONTINUABILITY CONDITIONS
We first consider a periodic system. Equations (1.7) are the result of eliminating Auj, . . . , Aug from
the equations

]
Y FjAu;+Qu=0 (s=1,...,n) (2.1)
j=!

When p = 0 the partial derivatives du,/dv], dug/ouf (o, j = 1,...,15; B = 1,.. ., n) satisfy equations in
variations set up for the generating system in the neighbourhood of solution (1.2). These equations are

X =AT(Ox+A*(Dy (2.2)
y =B*()x+B (t)y; xeR/, yeR"
where the plus (minus) sign denotes a 2n-periodic matrix with even (odd) functions.
The fundamental solution matrix of system (2.2) with identity matrix of initial data (at¢ = 1) is written
in the form
xt(,1) x (1)

S(r,T)=l "_
Yy (1) y' (1)

. S(t,o=I1,,

where I, is the identity matrix of order / + n. Then [2]
x*(=1,0) = 2x*(1,0), y*(~1,0)=+y*(1,0)

Whent =0we have u, =ug, v =0(a=1,...,B=1,...,n). Therefore

aua _ aUp _ . )
[au;l‘saf’ [ET] =0 (0 j=ll; B=L...n) 2.3)

7 Jo

(3, is the Kronecker delta). The solution of system (2.2) with initial data (2.3) is given by matrices
x*(t, 0), y (¢, 0), where y(t, 0) = || dvp/auy ||. Consequently, in (2.1) we have || F5ll = y(=, 0). If
ranky (m, 0) = n — k, then / — k columns in the matrix y"(n, 0) may be equated to zero. Using the fact
that a linear combination of solutions of a linear system is also a solution, we conclude that exactly / -
k solutions exist such that at# = m the vector y~ vanishes. If we now note that y (0, 0) = 0, we can quickly
establish the existence of / — k 2n-periodic particular solutions of system (2.2), symmetric relative to
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the set M* = {x,y:y = 0}. Then the matrix x* (2, 0) has / — k simple eigenvalues equal to 1. Thus the
matrix y (21t 0) has n - k such elgcnvalues, and system (2.2) admits of n — k* (k* < k) 2n-periodic
motions symmetric relative to the set M3 = {x,y: x = 0}.

Let

pr@) p ()
RO HOLN

S;(n= 5,0)=1,,

be a fundamental solution matrix of the system conjugate to system (2.2). Then S,(¢) contains [ — k*
2n-periodic solutions {pg, (), g (t)} (A =1,...,l-k*), symmetric over the set {p,q: q = 0}, and n
— k 2n-periodic solutions {py,(t), qBv(t)} (v= 1 , n — k), symmetric over the set {p, q: q = 0}. The
relation between the solutions of conjugate systems ylelds the following equalities

PAD= X 5500750+ AT
4= aé. xa (L DPA O+ le Y (6 D (0)
Pp(D)= a)él x;,(t,t)p;v(t)+é] ¥gi (8. Vg, (1)
4o ()= .é, Xas (D) Pay (D) + é:‘ Yas (6.0, ()
G=lok s=1om A=1.,l=k" v=1,..,n-k)
From these we derive the relations
p7(0)= B>:l 5 (1,00 M) =0, p3,(1)= B):l ¥ (1 D)3, ()
an (1) = B:Z.l Yps (T, T)g5 ()

needed to eliminate Awj, . . . , Aug from (2.1).
From the complete solution of our problem, we note that the partial derivatives of u and v with respect
to 1 form a particular solution of the linear system
x = AT(Ox+AY ()Y +U,(0,,¥,1) (2.4)
y =BT(1)x+B ()y +V;(0,¢.%,1)
with zero initial data [4]. Therefore

aau -J[Z Ur (0, D)y, (1D + ): Vv, )yh (@, 1:)]41:
(3 0 Lx=1

where Uf(h*, t) and Vi(h*, ) denote the result of substituting p = 0, u = ¢(t), v = ¥(1), ¢ = T into
the functions U, and V), respectively. Since solution (1.2) belongs to some family parametrized by h
and corresponds to the values h*, it follows that these functions also depend on h*.

Conditions (2.1) now become

I LN n
-2. ¥ (®, 0)Au; +u![2l U,',(h‘,r)yg,(n,r)+82 v,g(h',r)ygs(n,r)]dt =0 B=1,...,n)
J= OLx= =1

Multiplying these equalities by g, () and summing over B, we get
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xl ! n
P,(hi,....h )= I[):l U.',(h‘,t)p;v(t)+gl V,’,-,(h‘,t)qgv(t)]dr =0 (v=1,..,n-k) (25)
obx= =1

Theorem 1. Let (1.2) be a 2n-periodic reversible system (1.1) corresponding to parameter values
1, ..., hn and let Ra = k < n. Then it is a generating solution, provided that equalities (2.5) hold
and Ra* = n -k

Example 1. Resonance oscillations in the Duffing problem [4, p. 32]. The Duffing equation in this case
x +x=p(Asint+ax+yx); A,a,y=const
is reversible with fixed set {x,x :x = 0}. Atp = 0 it has a one-parameter family (parameter &) of symmetric periodic
solutionsx = hsint. In system (1.1), therefore, we have/ = n = 1, Ra = 0. To determine whether a periodic solution

exists when pu # 0, we set up Eq. (2.5)

A+ah® +0,75y*3 =0

By Theorem 1, for each simple root 4 * of this equation we have a generating solution of a linear oscillator.
Note that only symmetric periodic motions are defined for the Duffing equation [4].

In the autonomous system (1.1), the equations defining the parameters of a generating solution
are

i
}:l FjAu; +GAT+Qiu=0 (s=1,...,n)
J:

IfRa* = Ra] = n -k, then G}will be linear combinations of F3j. Hence it follows from the equalities

n
p;v(o)=,,>3 Vg (T 0G5 (T)=0 (j=l.ol; V=1,....n=k)
=1

that
3 Gagp(T)=0 (v=1,...,n—k)
p=1

As a result we obtain the following equations for the parameters of a generating solution

T ! & * *
Pl(h.....h,, T = j[zl U{;(h‘,r)p;v(r)+3;] Vis(h ,r)qgv(t)]dr=0
0Lx= =

(2.6)
(v=1...,n-k)

In the case Ra* = k, Ra} = k + 1 < n we have
n n
& Coav (T = 2 Vg8, T, (T°)

(where V§ is the result of substituting solution (1.2) into the function Vj) and the equations for
determining Yy (AT = yu) and 4}, ..., h% are

PJ(h,“,...,h,j,,T*,y):YB};] Vop(B*. T*)q3, (T") +

r ! L * -
+ [ }5] Uln(h"ﬂ)p;v(t)+&Zl Vis(h .t)qgv(t)] dt=0 (v=1,...,n-k) 27
0O L= =

Theorem 2. Let (1.2) be a 2T*n-periodic solution autonomous system (1.1) corresponding to a para-
meter values h7, . .., i}, and let Ra = k < n. Then, if Ra; = k, itis a generating solution provided
that equalities (2.6) hold and Ra* =n-korRa* =n-k-1,Rat=n-k.IfRa=k Ra, =k +1<n,
the parameters of the generating solution and the correction AT are determined from system (2.7) if
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_Hor ... 1. T )

Oh

Raj

n
+ Z Vo (0" T g, (T f=n—k

3. THE CHOICE OF A GENERATING SYSTEM

The problem of continuing symmetric periodic motions in non-structurally stable cases may be reduced
to the structurally stable case by suitable choice of a generating system which depends on a small
parameter. Examples of such solutions of the problem are known [5, 6].

Let us consider an autonomous or 2xn-periodic reversible system

w =Uy(e,u,v,) +plU; (g,1,u,v,7) 3.1)
v =Vy(e,u,v,1)+pV, (g,p,w,v,1), ue R, veR* (I=n)

with fixed set M = {u, v: v = 0} and small parameters € and p. Suppose that for p = 0 system (3.1)
has a 2T™*-periodic solution, symmetric relative to M

u=¢@(&,1), v=U(e,t), @&, ~t)=@(E,1), P(E,—t)=—(e,1) 3.2)

where T*(e) = n in the case of a 2n-periodic system, and when € = 0 solution (3.2) belongs to an m-
family. It is interesting to determine for what class of functions p = p(g) the question of whether system
(3.1) admits of a symmetric periodic motion can be solved only by the generating system obtained from
(3.1) by putting p. = 0.

Necessary and sufficient conditions for a symmetric solution to be 27-periodic have the form (1.3),
but now the left-hand sides also depend on €. Put

e, 0)=u", Auj=u;-u; (j=L..10), AT=T-T"(¢)

and write (1.3) as
!
Y [Fj(e)+ F;1Au; +[G;(e) + G,JAT + v, (.1, Au’, AT) =0 (s =1,...,n) (3:3)
j=1

where the functions Fy;, G, vanish for Au® = 0, AT = 0.
Let Ra = rank|| F}(0) [| = k < n. Then we may assume without loss of generality that

E;(g)=g[a_v- +Fj(€)] (s=n-k+1,...n j= 1,...,0)

where the coefficients a; do not depend on € and the functions Fi(e) vanish when € = 0. In the case
of a 2n-periodic system we have AT = 0 and the last n — k equations in (3.3) take the form

: . 1 o M . _ _
EI [axj+I~“sj(e)+-€FSj:|Auj+;u,x(£,u,Au ,AT)=0 (s=n—-k+1,...,n)

Therefore, if & = o(€) as € — 0, system (3.3) is solvable for n of the quantities Au3, . . . , Auj provided
that rankl| Fg(€) || = n, taking into account terms linear in &.

An autonomous system (3.1) is investigated in the same way.

Put
F;(0) F;(0) G{(0)
b

5

r =rank , n=rank (34)

A a
F3(0)= aus(&:,.uo,u ,T . Gl(0)= v (g,u,u’, T
au, b oT o
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. o (e, p, 0, T b < % (e,u,u°,T)
o e )’ e,

Then the following theorem holds.

Theorem 3. Suppose that when p = 0 system (3.1) has a symmetric periodic solution (3.2) which, when
¢ = 0, belongs to an m-family in = n - k). If also r = n, then system (3.1) has a periodic solution,
symmetric relative to the fixed set M, for any perturbations such that i = o(¢) as € — 0. In autonomous
system (3.1), the existence of a periodic solution for perturbations satisfying this condition is also
guaranteed when r; = n.

Remark. In Sections 1 and 2 it was the part of system (1.1) linear in p that was taken as the generating system
for (3.1); however, no symmetric periodic solution of the latter is known. Theorems 1 and 2 enable us to solve the
question of whether (1.1) has a periodic solution without having to calculate such a symmetric-solution.

Example 2. Generalization of Hill’s problem. The planar orbits of a passively gravitating point in the neighbourhood
of one of the main bodies in the circular restricted three-body problem are described by a reversible system [6]

x =2my +kep~ =m*X(m,x,y) 3.5)
Yy +2mx + kyp’3 = m2Y(m,x,y), p2 =x? +y2, k = const

with fixedsetM = {x,y,x’,y :y = 0,x" = 0} and small parameter m. This system contains Hill’s problem concerning
the motion of the Moon [7], which is obtained by setting X = 3x, Y = 0 in (3.5).

When m = 0 system (3.5) has a circular particular solution, but it is not a generating solution. Lyapunov [5],
who presented the first rigorous proof of existence for nearly circular orbits in Hill’s problem, used a generating
system which depended on the parameter m. In so doing he verified the conditions for continuability taking into
account terms linear in m.

As the generating system for problem (3.5), let us take the system

X =2my +kep =m?x=0, y +2myx + kyp> —m?y=0 (3.6)
which admits of circular orbits
x=acost, y=asinot, ka" =(@+m)? 3.7

symmetric relative to the set M and belonging to a family of elliptical orbits. To answer the question of whether
system (3.5) has orbits close to (3.7), we set

x+iy = aexp(iot)(1+ o +iB)

Then, in the linear approximation with respect to o and B, we have

o +(@+m)Pla-2(w+m)y=0, B=y-2@+m), Y =0 (3.9

and corresponding to the fixed set M we have a set {a, B, o', ¥: B = 0, & = 0}. Hence the zero roots of the
characteristic equation do not obstruct continuation with respect to the parameter [2]. The remaining pair of roots
*i(w + m), evaluated to terms linear in m, does not contain the critical roots, which are +ipw (p € N). Consequently,
we have r = n = 2 in (3.4), and for small m # 0 system (3.5) has periodic orbits, symmetric relative to M, which
are close to the circular orbits (3.7).

4. REDUCTION TO A QUASI-LINEAR SYSTEM

Non-structurally stable cases also arise when it is not known in advance if solution (1.2) of the
generating system belongs to some family. Moreover, the results of Sections 1 and 2 enable us to establish
the existence of periodic motions only in an O(u)-neighbourhood of a generating solution, though we
know [4, 8, 9] of motions that differ from generating motions by quantities O(u'”*), s € N.

These difficulties may be solved by reduction to the problem of extending solutions of a linear system
with respect to a parameter. The approach proposed below is also applicable, with obvious corrections,
to systems of a general form.
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Suppose it is known that the generating system obtained from (1.1) with p. = 0 admits of a 2r-periodic
solution (1.2). Put

u=@)+x,. v=y@)+y
Then we obtain a 2n-periodic system for the variables x, y
X =AT(Ox+AT(D)y + X(x,y, )+ pU;, (Le+x,b+y,t) “4.1)
y =B Ox+B @0y + Y(xY,0+1Y, (Le+xb+y.n)

which is reversible with fixed set M; = {x, y : y = 0} [10]. Obviously, the linear part of system (4.1)
with respect to x, y is identical with (2.2) whenpu = 0.

We now apply the change of variables (x, y) — (gx, €y), € = p°, 0 < ¢ < 1. This gives system (1.1)
the form

Xx =AT(Ox+AT(O)y+ e"[xo(x,y,t) +€X,(e,X,y, 1)1+ L' °U (1, @ + ex, Y + £y, ) (4.2)
y =B (t)x + B ()y + €M Yo (x,y,0) + Y, (&, X,y, )]+ L' OV, (1L, @ + £, + £y, 1)

(A =1, Ae N). If Ra = k < n, the new generating system obtained from (4.2) by puttingp = 0,e =0
admits of exactly / — k 2n-periodic solutions symmetric relative to M;

X =@ Yo =VWu® (G=L....5; s=1.,m a=1..I-k)

Thus, this system has an (! — k)-family of parameters 4, . . . , b of periodic solutions
. -k, . -k,
xj =(Pj(hvt)5 Z ha(pja(t)’ Vs = \I’s(h,')E Zhaw.vu(t) (43)
a=} a=1

Suppose that not all the integrals (2.5) vanish for solution (1.2) under consideration. Then we set ¢
= 1/(1 + A) and consider the equations

{ . noo

P,(h)= ’f{ 21 X, (h,T)pg, (1) + ley,, (h,t)qgv(r)]m =0 (v=1,...,n—k) 4.9
0] a= =

X" (h,t)= X (¢ (h,t), ¥ (h1),6)+U;(0,@(t),P(1),1)

Y (h,1) = Yo( (h,2), ¥ (h,2),0)+ V,(0,¢(2),ds(2),8)

where the functions pg,(t), g by(t) have the same meaning as in (2.5). Applying the results of Sections
1 and 2 to system (4.2), we obtain the following theorem.

Theorem 3. To each root h* of Eq. (4.4) satisfying the condition
ranka OB hy,. . byy) ""’h"")ﬂ=n—k 4.5)

oh;

there corresponds a 2rn-periodic solution, symmetric relative to My, of system (1.1)

L] * * » l
u=e()+u’e (b, )+ o), v=P@)+n°d (h°,1)+ou°), =173

which is identical with the generating solution (1.2) at p = 0.
The following example indicates a possible generalization of Theorem 3.

Example 3. The system of equations
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x"+x=(ox* +y2 +pa)cost, y* +y=(Bx’ +xy+pb)cost 4.6)

(o, B, a, b = const) is a reversible system of type (4.1) with fixed set {x,y,x',y :x = 0,y = 0}. We make the
change of variables (x, y) — (&x, %), € = p in (4.6). This gives

x*+x=e(ox* +y? +€a)cost, y +y= t—:3(By5 + x3y+b)cost 4.7)

When ¢ = 0 system (4.7) admits of two families of symmetric periodic motions: x = A cos ¢,y = Bcos ¢. Hence
Eqs (4.4) have the form

504* +682 =0, 5A°B+8b=0

and when o < 0 these equations have simple solutions equal, for example, to 4 = F1, B = %1 for o = -6/5,
b = 8/5. Consequently, for these parameter values system (4.6) has periodic solutions

x=FuBcost+o(u'’?), y=+u?5 cost +o(u?'3)

Let us assume now that solution (1.2 ) satisfies condition (2.5). In that case system (2.4) admits of a
family of symmetric periodic solutions

xj =<P}(h.t)+0,~(t). Vs =W+ (1) j=Lod; s=1,..,n (4.8)

Set 0 = 1 in system (4.2). Then in each of the two possible cases

.. au, au,  au . v, av, . av
DA ], X =X, = 1 ] | , Y =Y, = habd IS § i
) A> A [au+au"+avy], A [auJ’au”avyl

2) A=1, X' =X, +[Xo(x.y.0)],. Y ' =Y, +[Yo(x.y.0)]

(the asterisk on the bracketed expressions means that the derivatives are evaluated at p = 0, u = ¢(z),
v = y(¢), and x, y are replaced by (4.8)) the validity of conditions (4.4) and (4.5) guarantees the existence
of solutions of system (1.1)

u=@@)+pule (h",0)+0(0)]+o(1), v=uv)+ul (h",0)+x()]+ow)

Remark. As in Sections 1 and 2, a more detailed investigation, omitted here, can be carried out for autonomous
systems (1.1).

5.-A QUASI-LINEAR SYSTEM

The theory of oscillations for a quasi-linear reversible system is constructed in the same way as for
a system of general form [4]. When that is done, however, one must consider symmetric periodic solutions
of the linear system and use the results of Section 2. Omitting these constructions, we will confine our
attention below to one result for an autonomous reversible system

x' = Ay +uX(u, x,y)
y =Bx+pY(,x,y); xeR!, yeR"(=n) (5.1)

(A and B are constant matrices) with fixed set {x, y : y = 0}; the result in question has no analogue in
a system of general form.

The matrix A has at most [ - n linearly independent rows, and an elementary transformation reduces
A to a form in which / — n rows are filled with zeros. Let £ denote a variable corresponding to these
rows. Then the equation for y is

y =B.x+BE+pY(U,Exy) (R, xeR")

Assuming that det B. # 0, we now replace the vector x by x + B+'B,£. After all the necessary algebra,
system (5.1) takes the form
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§ =uEM.£x.y)
x = Ay +puX(u, £x,y) (5.2)
Yy =Bx+uY(UEx,y); £EeR"™", xeR", yeR"

with fixed set M* = {§, x,y:y = 0}.

Suppose that when | = 0 the characteristic equation of system (4.2) has a pair *iw of pure imaginary
roots, and no further roots of the form +ipw (p € N). Then the generating system obtained from (4.2)
by putting p = 0 admits of a unique family

E =h,, x;=0ohcosot, y; =B;hsinet (s=1,...1-n; j=1,..,n) (5.3)

of periodic solutions symmetric relative to M*. The parameters of this family are A, . . ., h_,, h, and
o, B is one of the solutions of the system

- = A,B’ B(O = B.a, o= ((xl,...,(x,,)T, B = (B],...,Bn)r

Let us consider the question of the existence of periodic motions of system (5.1) when p# 0. The
existence of the family of solutions (5.3) implies that Ra < » in (1.5). When p = 0 the equation for §
separates from the other equations, and the subsystem for x and y admits of only one family of periodic
motions. Thus, Ra = n — 1. Let us calculate

y}(n/m)=hw{3i (G=1,...,n)

noting that at least some of the numbers B; must be non-zero. Without loss of generality, we may assume
that only one coefficient does not vanish, say 3;; this can always be achieved by using a suitable linear
transformation of the variables y;. Hence we immediately conclude that Ra; = n in (1.5).

Theorem 4. If rankB = n in the quasi-linear autonomous reversible system (5.1), then for every
pair *iw of roots of the characteristic equation there is a 27(u)-periodic family, with parameters
hy, . .., by, b of solutions symmetric relative to the set {x, y : y = 0}, where T(0) = n/o, provided
none of the other roots is equal to +ipw (p € N).

Corollary (the Lyapunov-Bryuno—Devaney theorem). If the characteristic equation of the reversible
system

x =Ay+X(x,y), ¥y =Bx+Y(x,y); xeR', yeR" (I=n)
X(x,~y)=-X(x,y), Y(x,-y)=Y(x,y)

(A and B are constant matrices and X and Y are non-linear terms) has a pair of pure imaginary roots,
and none of the other roots is equal to £ipo(p € N), rank B = n, then the (/ —n + 1)-family of Lyapunov
periodic motions adjoins the zero equilibrium position.

Indeed, we make the change of variables (x, y) — (ux, py). Then the problem is that of continuing
a periodic solution of the quasi-linear system (5.1) with respect to the parameter.

6. THREE-DIMENSIONAL PERIODIC ORBITS
IN THE N-PLANET PROBLEM

Let us consider the basic problem of celestial mechanics—the motion of a mechanical system consisting
of N + 1 point masses S, P;, . . ., Py that attract one another according to Newton’s law. We shall
assume that the mass of the main body S is considerably greater than the masses of the bodies P;; we
are interested in the question of the existence of periodic orbits in this N-planet problem.

Studies of this problem are rare. Some consideration has been given [13] to planar orbits that are nearly circular
and are closed in a frame of reference rotating at constant angular velocity (orbits of the first kind). The existence
of symmetric periodic orbits of the first kind has been proved [14], as has that of orbits that are nearly elliptical
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and are closed in a stationary frame of reference (orbits of the second kind). A result concerning the existence of
three-dimensional periodic orbits (orbits of the third kind) has also been formulated [3]). We now present a proof
of that result, based on the theory of Sections 2 and 4, and estimate, in terms of the small parameter, the degree
to which the orbit of each planet P; is nearly planar.

The motion of each planet P, will be considered in a frame of reference with origin at S, the main
body. Then the position of P; is determined by a triple of Cartesian coordinates (&, 0, {;). The equations
of motion of such a system are known [15]. In the system of equations thus obtained we make the change
of variables

x, =&, y,=m, cosQ, +{ sing,, z, =-n, sin@, +§,cos@, (s=1,...,N)
with arbitrary parameter ¢,. This gives
d*w,  kew,

dr? r3

5

=uW,(w,@) (s=1,...,N) (6.1)

Here w; denotes the variables x;, y;, z,, K, is the product of the gravitational constant and the total mass
of the bodies S and P,, r, is the distance from S to P, p is the ratio of the largest planetary mass to the
mass of S (1 < 1), and W, is the right-hand sides of the equations for x,, y, and z, (throughout, summation
will always be performed fromj = 1 toj = N, where j # s)

oy, |11 .
Y, =21j{y—3—[;3——-ﬁ:|[yj cos(@; ~ ;) +z, sin(Q, -cpj)]} (6.2)

|

| Z 1 1 .
Z =3k {7;—+[-r7-—;3—][yj sin(Q, — ;) —z, cos(Q, -(pj)]}

s L's 7
ry=(x, =22 +(y, = y;) +(z, - 7;)? +2{(ysy; +252;)1 - cos(9; —9;)] -
=(¥s2; = yjz)sin(@, = 9)l}  (s,j=1,...,N; s#j)

System (6.1), (6.2) is invariant with respect to each of the transformations (1, x, y, z) — (~, x, -y, -z)
and (¢, x, y, z) = (¢, -, y, z), that is, it is linearly reversible of type (1.1), with two fixed sets M; =
xyzx,y,2:x=0y=0,z=0andM, = (x,y,2,X,y,z:x = 0, y =0,z = 0}.

At p = 0 system (6.1) splits into N two-body problems, each of which describes an unperturbed Kepler
problem. The resulting orbits are second-order curves

. A * de C2 6‘2 12
0,)= ———F . 2 —_ = ==L = fut 8
r, (0,) 157, cost, r,°(,) el A P e, [1+hs kszj (6.3)

where c; and h; are the area and energy constants of the sth problem. The motions take place along
cllipses if 0 < | e;|< 1.

We may assume without loss of generality that the motions (6.3) take place in the (x5 y5) planes, that
is, z; = 0 in each motion. In the frame of reference &Eng, therefore, each of the planets P, has its
own orbital plane (IL), which makes an angle ¢, with the &n plane. For the family symmetric
relative to the set M; the semi-major axes of the ellipses coincide with the & axis, while those in the
second family lie on the straight lines & = 0, n; cos ¢, + {sin ¢, = 0;5s = 1,..., N (Fig. 1). For the
first family

x, =1,(8,)cosB,, y, =r (8,)sin@,, z =0 (6.4)
and for the second

X, =1, (8,)sinb, y, =1 (8,)cosH,, z,=0 (65)
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. cm— —— —

Fig. 1.

These motions are periodic in the sth subsystem. For the whole generating system, solution (6.3) forms
a 2N-parametric family, relative to the initial data (c,, A,), of conditionally periodic motions. Among
these there are periodic motions, for which the following conditions hold
k
n =‘/3/—3=ls¢° U, eN), A =a(1-€}) (s=1....N) (6.6)

s

s
where n; are the average motions, a; are the semi-major axes of the ellipses and ® is a certain positive
number. Relations (6.6) imply that the average motions relate to one another like integers.

We thus have N — 1 conditions (6.6) imposed on the 2N constants ¢, and &,. Consequently, we have
an (N + 1)-family, dependent on the initial conditions, of periodic motions. Now, taking into account
that system (6.1) depends on N — 1 essential parameters @, — ¢;, whose values are also determined by
the initial data, we obtain a 2N-family of symmetric elliptical motlons of the generatmg system. There
are six such families since, when the change of variables (&, n, {) — (x, y, z) is made, (&, n) may be
replaced by any of three pairs, and for each pair there are two versions, (6.4) or (6.5). We also note
that conditions (6.6) are imposed only on the semi-axes of the ellipses, not affecting the eccentricities
e;, while the direction of motion of each planet in its ellipse is determined independently. Symmetric
periodic orbits obtained by continuation with respect to a parameter p of the elliptical solutions (6.4)
or (6.5) will be called periodic orbits of the third kind if not all the differences ¢; — @; (s # J)
vanish.

To fix our ideas, let us consider solution (6.4) of the generating system, assuming that in its
neighbourhood

Xs + iy‘ = ':". (es)exp(ies )(1 + Ps )’ Xy — lys = ':\-‘ CXP(“I'Q_; )(l + qc) (6-7)
;= '::(es)cs s=1...,.N)
Then we obtain

d? dp, ,.dp 1+p rne_'e
+2i—=2 4+ ——L5 R (p,q,
7 2, Tre, cose, TP TR (X, +i¥)=0
d2 i 1+ *3_i0,
49 ;99 ,_1%49: o, o)+u%— (X, -i¥))=0 (6.8)

de? do, 1l+e,cosB,

dzcsJ R (p.q,0) .
+H1+—=—2 =5, +u-Z =0
de? ( 1+e,cos0, ) ° . ct
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R(p.q,0) =[(1+ p,)(1+4,)+0:1*? -1 (s =1,...,N)

where X* Y*, Z*, are obtained by substituting the new variables p, ¢; and o; as in formulae (6.7) into
the functions X, Y; and Z, respectively.

The independent variable in system (6.8) is the angle 8 = a¥, the right-hand sides are 2n-periodic
functions of 6, and 6, = [(0) + f,(/,0) [15], where f; is a Fourier series in /0 which is absolutely
convergent provided | e | < & (the Laplace limit), and the sign of 6, is the same as that of c,. Bearing
this in mind, it is nevertheless convenient to retain the angle 6; as the variable in the sth subsystem for
our further discussion.

We also note the important fact that system (6.8) is reversible and invariant with respect to the change
of variables (¢, p, q, ) — (¢, q, p, —0).

We need one more change of variables: 6, = €x, (s = 1, ..., N), € = p. Then the equation for ; is

d?y, R
s 414 s +e2D, + ¢ =1,...
de? [ 1+escos9,ilxs B 2 b )
*3 . .
r 1 11 r;sinG;
o =" vil - | Gnce. -0
. cgzz[,s; rl?:ll+e,cos9,sm(¢’ ®)
I’,.3 . r‘x 1 1 *
¥ =S 3k;| =35 | == |1 X, cos(@, ~ @)
€s Ty i T

Hence, also using the first two groups of Eqs (6.8) and setting € = 0, we obtain the generating
system

dzps dp 1+p .

Cls 2i%s, TB__poy

de’ 48, 1l+e,cos0, °

2

4G 54, 1+q e (6.9)

de? d8, 1+e,cos8, °

d’y, ,

R . _
o [l+ $ ]x&=o, R =[(1+p)1+g)N* =1 (s=1,..,N)

I+e,cos6;

It is obvious that the subsystem of equations for p; and g splits off the equations for ;. This subsystem
has a unique (zero) periodic solution if a finite number of eccentricities are excluded from consideration
[14]. Thus, the generating system (6.9) admits of a unique family of periodic solutions, symmetric relative
to the set M = {p,q, X, P, q, X'P = q, P = ¢, X = 0}

P, =0, g,=0, x, =0,sinB,(ct; =const); s=1,....N (6.10)

The dimension of the fixed set M is 3N—half the dimension of the phase space. In the plane problem
(s =0;5s=1,...,N) thesolutionp; =g, =0(s = 1,..., N) is a generating solution [14] and Ra =
2N; hence in system (6.9), considering solution (6.10), we also have Ra = 2N < 3N.

We will now determine the conditions for the continuation of solution (6.10) with respect to €, using
the theory presented in Section 4. The equations for y, do not contain terms linear in €. The terms of
order € have the form

3
=X 4, (s=1,....N
=T (re, co0) T e )

It therefore follows from (4.4) that the amplitudes | o, | of the generating solution must satisfy the
equations

sin* ©,d0 =4
l+e,cos8, °

3 4"
Zodf (6.11)
2 0
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+ % _ ’::3 o 1 1 ':i. Sin((Px - (p])
A = (I) 8:(0)sin®,sinB;d6, g, o ’['};3 e }-1.+ej cos8,
rs;z = r;'2 + r;2 - 2r;rj'[cos€)s c0s0; +sinB;sin6; cos(¢, — ;)] (s=1,..., N)

It is obvious that if A¥# 0 (s = 1, ..., N), all the roots o of Eq. (6.11) are simple, so that the
continuability conditions of Theorem 3 are satisfied.

The integrals A% depend on the 2N parameters e;, @, — @, (s = 1, ..., N), o. In the space of these
parameters the condltlon A= 0 defines a 2N - 1-dimensional mamfold for which (6.10) is not a
generating solution. For ﬁxed eccentricities e; and frequency @ the condition A} = 0 defines the planes
for which the problem of the existence of three-dlmensmnal periodic orbits requires further investigation.
In any case, almost all three-dimensional orbits (6.4) and (6.10) are generating motions.

Analogous calculations from the family (6.5) lead to the problem of continuation with respect to the
parameter € of periodic solutions p; = 0, g; = 0, %, = B,cos6; (B; = const),s = 1, ..., N, which are
symmetric relative to the fixed set M3 = {p, q, X, P, 94, X:P=q. P =4q, X = 0}.

In these circumstances the amplitudes | ;| of the generating equation satisfy the equations

3 ';" COS“esde - - "
Zp[——=—=B, B = 0)cos0, cosB;d0
2B5£l+escos9x 4 (J,g‘( ) /

We can now determine the form of the three-dimensional orbits more precisely. In the first
approximation with respect to € we obtain

X, =1, (6 )cos8, +0(e%), Y =1, (6 )sin @, +0(e?), 2, = €0, T, (9 )sin 6, +0(e?) (6.12)
x, =r'(0,)sin®, + O(e?), y, =r (8,)c0s0, + O(e?), z, =€B,r; (8;)cosB, +O(e?)  (6.13)

for cases (6. 4) and (6.5), respectively. Hence it follows that when pu # 0 the symmetric periodic orbits
lie in an O(u')-neighbourhood of the planes I1,. These motions are 2n/w-periodic with respect to the
time ¢.

Theorem 5. For sufficiently small p = max,{M/M,}, the N-planet problem of a main body with mass
M and planets Py, . . ., Py with masses M, . . . , My, respectively, admits of two families of symmetric,
nearly elliptical, penodlc orbits for all values of the eccentricities e(0 < | e, < lb with the possible
exception of a finite number of critical values. The orbit of a planet P, lies in an O('?)-neighbourhood

Fig. 2.
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of the planes I, and is described by formulae (6.12) or (6.13), and all the planes pass through the same
fixed straight line—the line of nodes; the angle ¢, — ¢; between the planes IT; and IT; is arbitrary. The
average motions along the orbits equal the average motions along the ellipses (6.4) or (6.5) and relate
to one another as natural numbers; the motion of the whole system is periodic. At times a multiple of
a half-period all the planets in the first family lie along the line of nodes (a parade of planets); in the
second family, they intersect the same fixed plane, which contains the apsidal curves in the unperturbed
problem (u = 0).

It is clear that in the second family of orbits as well the planets Py, . . ., Py may form a straight line
at times that are multiples of the half-period (Fig. 2). Up to terms of the order of p!? the distance SP,
at these times is equal to a,(1 + ¢,), while in the case when ¢; > 0 the planet P, in a generating solution
traverses the apocentre, otherwise—the pericentre. If the straight line L on which the planets are situated
makes an angle y with the 1y axis, then

a(l+e;) - sin(y+¢,)
a(l+e) sin(y+e,)

In the course of one half-period the planets will generally not line up again in a straight line. This is
illustrated by Fig. 2, in which e; < 0, ¢; > 0, ¢; > 0. Consequently, for the second family of orbits,
a parade of planets is observed at times that are multiples of the period 2r/w. Only in the case e; = ¢
(s = 2,...,N)is a parade of planets observed twice in one period.

1 wish to thank V. V. Rumyantsev, who drew my attention to the phenomenon of resonance in the
Solar system.
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